1. Total disconnectedness in a compact topological lattice. Let F be a lattice. We recall that the breadth [6] of F, denoted by Br (L), is the smallest integer zz such that any finite subset F of L has a subset F' of, at most, zz elements such that Inf F= Inf F'. If x and y are elements of a lattice L with 0, and if x A y = 0, then x and y are termed disjoint elements. Now we shall prove the following theorem :
1.1 Theorem. 7/F is a nondegenerate compact connected distributive topological lattice, and if every nonuhit element has a nonzero disjoint element in L, then the codimension of L is infinite.
Before the proof of the theorem, we review some results which will be needed in the proof. E. Dyer and A. Shields [8] have shown that if F is a compact distributive topological lattice of finite breadth and F is a neighborhood of a point xeL, then there is a closed interval [y, z] that is a neighborhood of x which lies in U. L. Anderson [1] has proved that if F is a connected topological lattice and if ae L, then a A [L\(a A L)] <= F (a A L), and dually. If L is a locally compact, chain-wise connected distributive topological lattice, then Br(L)^cd (F) [3], where we say that L is chain-wise connected if for each pair of elements x and y in F with xSy there is a closed connected chain from x to v. It is well known that a compact connected topological lattice is chain-wise connected.
Proof of 1.1. Suppose that cd (L) is finite. Then, by Anderson's result, we have that Br (L) is also finite. Since L is compact, L has a zero element 0 and a unit element 1, and we can find a neighborhood U of 0 such that 1 £ U. Now by Dyer and Shields' result, there exists a closed interval [y, z] By hypothesis, there exists a nonzero disjoint element u of z. Clearly u e L\(zaL). Therefore OeF(zAL). On the other hand, Oe V^zaL implies that 0 xt F(zaL). So we have a contradiction. Hence cd (L) must be infinite.
Immediately, we have the following corollary:
1.2 Corollary. A compact and connected Boolean topological lattice L is finite codimensional if and only if L is degenerate.
It is easy to see that in a compact Boolean lattice, the continuities of A and v imply the continuity of the unary operation of the complementation. So compact Boolean lattice forms always a semisimple compact topological ring. For these reasons, Kaplansky's theorem (Theorem 10 in [11] ) implies that any compact Boolean lattice is iseomorphic to a cartesian directed sum of the Boolean lattices 2, where 2 ( = {0, 1}) has the discrete topology. Hence we have the following:
1.3 Theorem. Any compact Boolean topological lattice is totally disconnected.
However, in the proof of Theorem 10 [11] , Kaplansky used the character group property in the sense of topological groups (the so-called duality theorem). A. D. Wallace has suggested the possibility of a proof of (1.3) which does not involve the use of the duality theorem. In this connection, we prove the following:
1.4 Corollary.
Any compact Boolean topological lattice of finite codimension is totally disconnected.
Proof. Let L be a compact Boolean topological lattice of finite codimension and let C be the component of 0. It is easy to see that C is a compact sublattice of L. So C has a maximal element m. We show C=mAL. That C^mAL is obvious. If xemAL, then xA C is connected and 0 exA C. So x = xAm exA CCC and hence «iAL<=c. It is known that any Boolean lattice is relatively complemented. So a closed interval C=mAL is a compact connected Boolean topological lattice under its relative topology. It is also true that if A' is a topological space with cd (X) = n and if C is either an open or a closed subset of X, then cd (C)â« [15] . Therefore, C is a compact connected Boolean topological lattice of finite codimension. By (1.2), our only possibility is that C consists of the single element 0. Since L is a topological group, it is homogeneous, and hence L is totally disconnected, which completes the proof.
If we are allowed to use the duality theorem, we can replace the compactness hypothesis in (1.3) by suitable local properties of L.
We recall that if F is a topological lattice and if for an arbitrary neighborhood U of an element x in L there exists a convex open neighborhood V of x such that F<= U, then L is called locally convex [1], [12] . A subset S of a topological ring A is bounded if for any neighborhood of the zero 0 of A there exists a neighborhood of 0 such that VS<^ U, where VS={vs \ v e V and s e S}. In [11] , Kaplansky proved, using a character group property of a topological group, that if C is the component of 0 in a bounded locally compact topological ring A, then C4 = {0}. Hence L is bounded because the operation A is the multiplicative operation in the Boolean ring. We now exhibit a sufficient condition for a compact complemented modular topological lattice to be totally disconnected.
In Proof. Let C be the component of 0. We have already shown that C is a compact topological lattice in its relative topology, and C=pAL, where p is the maximal element of C. Therefore, C is also a connected complemented topological lattice in its relative topology since any sublattice of a complemented modular lattice is also relatively complemented. Suppose/z#0. Since there exists an arc from/? to 0, we can find an element a such that0<a<p.
Applying Lemma 6 On the other hand, by hypothesis, 0 e [0, a]° = (a A C)°, which is a contradiction. Hence, p must be the zero. It follows that C consists of the single element 0.
Dually, the component of 1 consists of the single element 1. Now we prove the following theorem :
1.11 Theorem. If L is a compact complemented modular topological lattice and if aAL^F (aAL) for all nonzero elements a of L and dually, then L is totally disconnected.
Proof. By applying Lemma (1.10) to M(x) (x^l) and L(y) (y^O), the components of x and y in M(x) and L(y) are the singletons {x} and {y}, respectively. Now consider the component Ex of x in L where x^ 1 and x/0. We claim that Ex n (x vL) = {x} and Ex r\ (x aL)={x}. In fact, if y e Ex n (xyL) and y^x, then y > x. Since Ex is connected, x v Ex is connected and contains both x and y. On the other hand, xy Ex<^xy L^Mfx), which is a contradiction. Hence Ex n (xvF)={x}. Dually, Ex n (xaL)={x}. Consequently, Ex consists of incomparable elements ofF. For, if a and b are in Ex and ifaSb, then Ex = Ea = Eb. Since x and a are incomparable, a is neither the zero nor the unit element of L. Clearly, b e Eb n (ayL) = Ea n (ayL)={a}. Therefore, we have a=b. Now we will show that Ex consists of the singleton {x} in L. Suppose Card (Ex) > 1. It follows that there exists an element a of Ex such that a and x are incomparable, and hence, x v a^a, i.e., xy a>a. Since xy Ex is a connected set containing x, xy Ex<=Ex. However, xy aexy Ex^ Ex, which is contrary to the fact that Ex consists of incomparable elements. Hence, Ex={x} for all nonzero nonunit elements x of L. For the zero and the unit elements we have already shown in (1.10) that their components consist of the singletons {0} and {1}, respectively. Hence, the proof is complete.
2. Compact and connected topological lattices. We recall that an element a of a lattice L is neutral if and only if every triple {a, x, y} generates a distributive sublattice of L, and we also recall that an element a is center element if and only if it is neutral and complemented in L. We shall write Cen (L) = {x | x is a center element} and read "the center of F". Now we prove Wallace's conjecture [14] which is stated in the introduction of this paper.
The following lemma is obvious.
2.1 Lemma. 7/L is a topological lattice and if M is a distributive sublattice ofiL, then M* is also a distributive sublattice ofiL.
So any maximal distributive sublattice of a topological lattice is closed. And we recall that the set N of all neutral elements is the intersection of all maximal distributive sublattices of the lattice (see [6] ). Therefore N is always a closed sublattice of the topological lattice.
The following lemma follows from the proof of Theorem 10 in [11] .
2.2 Lemma. If L is a totally disconnected compact Boolean topological lattice, then L is iseomorphic with the set of all subsets of a set X denoted by P(X). NxN onto the first N. It is easy to see that S=n(</>-1(A) n 0_1(A)). N being compact, S is closed. Hence S is a compact Boolean topological lattice of finite codimension. By (1.4) S is a totally disconnected compact Boolean topological lattice. It follows from Lemma (2.2) that S is iseomorphic with P(X) for some set X. Suppose that Card (X)>n. We can take, then, (n+l) elements ax, a2,..., an+x in 5" such that the iseomorphism from 5 to P(X) maps ax to an atom of P(X). Thus, each a¡ is also an atom in S. Since L is compact and connected, we can find a compact connected chain C} from 0 to a¡ in L, i=l, 2,..., n+l. It follows from at A af = 0 (z'#y) that if x¡ e C¡ and x} e Cf (¿*Vy*), then x¡ A x; = 0. Now consider the following mappings: f:CxxC2x---xCn+x^L defined by Clearly, both/and g are well defined and continuous. Furthermore g=f~1 because a¡ (i= 1, 2,..., zz+1) are neutral elements. Thus L contains a closed subset that is homeomorphic to a cartesian product Cxx ■ ■ ■ x Cn+X of nondegenerate compact connected chains C¡, which has codimension (zz-l-1) [7] . This is a contradiction. Hence, Card(.10^zz. It follows that Card (Cen (L))S2n. This completes the proof.
We are now concerned with a representation of a distributive topological lattice by an «-cell.
The set of« elements xl5 x2,..., xn in a lattice L is independent over an element a of L if and only if x¡>a and (xx V • • • Vxk) Axfc+1=a, k=\, 2.«-1 [6] . It is easy to see that if L is distributive, then jclf..., jc" are independent over a if and only if Xi A Xj = a (i¥=j).
We will prove the following useful lemma:
2. 4 Lemma. IfL is a distributive topological lattice with 0 and 1 and ifL contains « independent elements xx,..., xn over 0 whose union is 1, then L is iseomorphic with the topological lattice of the cartesian product (xxaL)x ■ • ■ x (x" A L). 2.5 Theorem. Suppose L is a topological lattice with 0 and 1. Then L is iseomorphic with an n-cell if and only ifL satisfies the following two conditions:
(i) L is distributive and contains « independent elements xx, x2,..., xn over 0 whose union is 1.
(ii) Each x¡ A L is a separable connected locally convex chain. . On the other hand, x¡ aF is locally convex since it is connected and locally compact [4] . Therefore, by Theorem (2.5), F is iseomorphic with an «-cell. Thus, the proof is complete.
We now consider the cardinality of the center in a distributive lattice with 0 and 1. The following lemma is useful in the sequel. Proof. Without losing any generality, we can assume that x and y are two incomparable elements in Xj AF. Clearly, Card (Cen (F)) = 2n. Now we shall show that the number of center elements in the closed interval J=[xAy, xyyy c(xx)] is greater than 2\ To do so, consider the following pairs of center elements in /:
Obviously, the number of all pairs is ("ô Kl1)*-1!) -*-■ Since L is distributive and X! A xj = 0(i^j) and x¡ t\y=x¡ A x = 0 (zV 1), it is not hard to see that not only are these pairs all distinct, but also all elements of these pairs are distinct from each other and any two elements in a pair are complements of each other in J. Moreover, x and y are different from both xAj> and xv yv c(xx) since x and y are incomparable. Also, any element in a pair is different from both xAy and xVyvc(xx). Consequently, adjoining the pair (x A y, x v y V c(xx)) of the trivial center elements in J, we have 2" + 2 center elements in /. Hence, we have Card (Cen (L)) = 2n < Card (Cen (J)), which is what we wanted to prove.
Applying the above lemma, we can easily obtain the following result of Anderson Proof. Since the center C in L forms a Boolean sublattice of L, it follows from Hi that there exist exactly « atoms xx, x2,..., xn of C. These elements xx,..., xn are independent elements over 0 in L. Suppose that x¡ A L is not a chain for some i. Then we can find two incomparable elements x and y in x¡ AL. By Lemma (2.8), observing that Of^xAy^xv jvc(xj), we have a contradiction to H3. Thus each XjAL is a chain, so by H2, x¡AL is locally convex and separable. Furthermore, Xj aL is connected since L is. Hence, by Theorem (2.5), L is iseomorphic with an «-cell /". Thus the proof is complete.
We shall now show that the number of all atoms of the center, the number of all independent elements over an element, the breadth and the codimension in a distributive topological lattice with 0 and 1 are related. (ii) -> (iii): Suppose that x¡aL, i= 1, 2,..., «, are chains. Since x¡ aL is locally compact and connected, it follows that x¡aL is locally convex [1]; therefore x( AL is a nondegenerate compact connected chain [4] . Again by Lemma (2.4), L is iseomorphic with a cartesian product of « nondegenerate compact connected chains.
Suppose that L is iseomorphic with Cx x ■ ■ ■ x Cn where C¡, i = 1, 2,..., «, are compact connected chains with zero element 0, and unit element 1¡. Clearly, cd (L) = cd (Cxx ■ ■ ■ xCn) = n [7] . It is easy to see that (01;..., 0,_lt 1, 0i+1,..., 0n), z'= 1, 2,..., «, are atoms of the center of Cxx ■ ■ ■ xCn. Therefore, (See the corollary, p. 73 in [6] .)
As an immediate consequence of Corollary (2.13), we have the following: 2.14 Theorem. IfL is a locally compact chain-wise connected modular topological lattice, then In (L)^cd (L).
From the definition of the ordinal sum of two partially ordered sets [6] , we are motivated to define the ordinal sum of two topological lattices Lx with the unit lx and L2 with the zero 02 as follows:
The ordinal sum Lx © L2 is the subset (Lj x {02}) u ({lx} xL2) of the cartesian product Lx xL2.
Clearly, Lx © L2 is also a topological lattice under its relative topology in
Recall that an element a of a connected topological space L is a cut point if and only if L\a is not connected [18] .
The following theorem appears in [4] . The following theorem which is due to Cohen appears in [7] :
